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thermomechanical properties and surface tension, and to compare the results obtained using the general-
ized Gurtin and Murdoch model and a thin interphase layer model.
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The use of nano-composite materials in industry is rapidly
increasing, creating the need for models to develop a better under-
standing of the thermomechanical behavior of such materials. One
model that can adequately address size-dependent mechanical ef-
fects in composite solids was developed by Gurtin and Murdoch
(1975, 1978). In this model the interfaces between the nano-inho-
mogeneities and the matrix are regarded as material surfaces that
possess their own mechanical properties and surface tension. In
the past several years Gurtin and Murdoch model has received
renewed attention (see Mogilevskaya et al. (2008) for a compre-
hensive review of the relevant literature).
A generalization of the original Gurtin and Murdoch model that
takes thermal effects into account was introduced by Murdoch
(1976, 2005). In addition to the parameters that characterize
mechanical properties of the material surface, Murdoch (1976,
2005) introduced a new parameter that is related to the surface
thermal expansion. In the following, we refer to the model intro-
duced by Murdoch (1976, 2005) as ‘‘the generalized Gurtin and
Murdoch model.” Consequently, we refer to the system of thermo-
elastic equations for the latter model as ‘‘the generalized Gurtin
and Murdoch equations.”
Simpliﬁed versions of the generalized Gurtin and Murdoch
equations were employed by Duan and Karihaloo (2007) and Le
Quang and He (2007). The primary goal of these papers was to
study the inﬂuence of surface effects on the overall thermoelastic
behavior of composite materials. In these papers, the surface ten-
sion was not included in the equations and the computation ofll rights reserved.
: +1 612 626 7750.effective properties was based on the solution to the thermoelastic
problem with a steady-state uniform temperature ﬁeld producing
uniform deformation and stress ﬁelds. (We do not review here
the papers devoted to computation of effective properties that con-
sider the thermoelastic model for the bulk material but do not in-
clude surface thermoelasticity. A review of these papers can be
found in Duan and Karihaloo (2007).)
In the present work, we consider a two-dimensional transient
problem of an inﬁnite medium with a circular nano-scale cavity
and study the behavior of the thermomechanical ﬁelds due to a
non-uniform transient temperature ﬁeld. The complete general-
ized Gurtin and Murdoch equations (including both surface tension
and surface thermoelasticity) are used for the material surface. The
analysis is based on the use of the Laplace transform and complex
variable boundary integral representation for the thermomechani-
cal ﬁelds. The boundary unknowns (Laplace-transformed tempera-
ture or heat ﬂux, displacements or tractions) are represented as
truncated complex Fourier series. The unknown series coefﬁcients
are found from the boundary conditions by using the orthogonality
properties of the Fourier series. As a result, the analytical solution
for the transformed displacement and stresses is obtained. The
corresponding time-dependent ﬁelds are obtained by using a
numerical inversion of the Laplace transform. The steady-state
and time-periodic solutions, obtained as the large-time limit of
the time-dependent solution, are discussed. Numerical examples
presented in the paper demonstrate a signiﬁcant inﬂuence of the
surface tension and surface thermoelasticity on the thermal
stresses.
The structure of the paper is the following. In Section 2, the
problem formulation is presented. In Section 3, the governing
equations in the Laplace transform domain are listed and in Section
4 the solution in the transform domain is derived. In Section 5, the
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the solution is discussed. In Section 6, several examples for which
the analytical solutions are available are considered to verify our
approach. In Section 7, the numerical examples are presented.
Finally, concluding remarks are given in Section 8.
2. Problem statement
We consider a two-dimensional, inﬁnite, isotropic thermoelas-
tic domain containing a circular nano-scale cavity. The case of tran-
sient (quasi-static) uncoupled thermoelasticity is considered, and a
plane strain condition is assumed. The origin of the Cartesian coor-
dinate system (x1,x2) and the polar coordinate system (r,h) is
placed in the center of the cavity, and any point in the domain is
identiﬁed by the complex coordinate z = x1 + ix2 = reih (Fig. 1),
where i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
. The thermoelastic properties of the domain
(Lamé constants l and k, thermal diffusivity v and the coefﬁcient
of thermal expansion a) are assumed to be constant. Let R and L de-
note the radius and the boundary of the cavity. The surface of the
cavity is modeled as a material surface of vanishing thickness
adhering to the bulk material of the domain without slipping. This
surface is characterized by the thermoelastic constants (Lamé con-
stants l0 and k0, and the coefﬁcient of thermal expansion a0) and
the residual surface tension r0.
Initially (at t = 0), the domain is in a state of uniform tempera-
ture T0 and zero strain. For time t > 0, the difference between the
temperature T(z, t) and its initial value T0 = T(z,0) is denoted as
H(z, t) = T(z, t)  T0. The cavity is subjected to time-dependent
pressure P(t). (In a particular case when P(t) = 0, the cavity is trac-
tion-free.) Three types of the instantly applied thermal boundary
condition are considered: prescribed temperature (Dirichlet
boundary condition), heat ﬂux (Neumann boundary condition),
or a linear combination of temperature and heat ﬂux (Robin
boundary condition). The domain is subjected to a biaxial far-ﬁeld
stress ðr111;r122;r112Þ. The temperature difference H(z, t), displace-
ments uk(z, t) and stresses rkj(z, t) (k,j = 1,2) at point z at time
t > 0 are to be determined.
3. Governing equations
Since the case of quasi-static uncoupled thermoelasticity is con-
sidered, the temperature distribution is independent of theFig. 1. Problem formulation.mechanical ﬁelds. Thus, the system of governing equations in-
volves (i) an equation for the temperature ﬁeld in the domain,
(ii) equations for the mechanical ﬁelds in the bulk of the domain,
and (iii) equations for the material surface.
To treat the time convolution involved in the problem, we use
the Laplace transform (Carslaw and Jaeger, 1959). In the following,
we formulate the governing equations (i)–(iii) in the Laplace trans-
form domain.
In the mathematical expressions below a repeated index
implies summation. The Laplace-transformed counterpart of any
involved function f(t) is denoted by f*(p), where p is the transform
parameter.
3.1. Equations for the temperature difference
The transformed temperature difference H*(z,p) satisﬁes the
following modiﬁed Helmholtz equation (Balas et al., 1989)
H;kkðz;pÞ  b2Hðz; pÞ ¼ 0 ð1Þ
where b ¼ ﬃﬃﬃﬃﬃﬃﬃﬃp=vp . No nonhomogeneous terms are involved in Eq. (1)
due to the zero initial condition (H(z, t) = 0 at t = 0) and the absence
of heat sources.
For a boundary point n 2 L, the transformed boundary condition
is formulated as follows:
aHðn;pÞ þ bqðn; pÞ ¼ Uðh; pÞ ðn ¼ ReihÞ ð2Þ
where the corresponding time-dependent boundary condition is
aHðn; tÞ þ bqðn; tÞ ¼ Uðh; tÞ ðn ¼ ReihÞ ð3Þ
The following terms are involved in Eqs. (2) and (3):
qðn; tÞ ¼ oHðn; tÞ=onðnÞ, n (n) = (n1(n),n2(n)) is the outward normal
vector at point n 2 L, and U(h, t) is a continuous single-valued func-
tion on L. Constants a and b are non-negative and cannot simulta-
neously equal to zero (Carslaw and Jaeger, 1959). When a– 0 and
b = 0, the Robin-type boundary condition (3) reduces to the Dirich-
let type; when a = 0 and b– 0, it reduces to the Neumann type.
Additionally, H*(z,p)? 0 as jzj?1 (regularity condition).
3.2. Integral representations for the mechanical ﬁelds in the bulk
material of the domain
Instead of using differential equations for the mechanical ﬁelds
in the bulk material of the domain, we use integral representations
for the transformed ﬁelds (Balas et al., 1989).
The integral representation for the transformed displacements
is based on the reciprocal theorem. It expresses the transformed
displacements at a point within a thermoelastic region in terms
of integrals of the transformed displacements, tractions, tempera-
ture difference and heat ﬂux over the region’s boundary. Thus,
the transformed displacements ukðz; pÞ for a point z within the
thermoelastic domain jzj > R are represented as follows (Balas
et al., 1989):
ukðz;pÞ ¼
Z
L
½tj ðn; pÞUjkðn zÞ  uj ðn;pÞTjkðn; zÞdsðnÞ
þ v
Z
L
½Hðn;pÞZkðn; z;pÞ  qðn; pÞUkðn z;pÞdsðnÞ ð4Þ
where n is a boundary point, tj ðn;pÞ ¼ rjkðn; pÞnkðnÞ are transformed
boundary tractions, and subscripts j,k = 1,2 denote coordinate direc-
tion x1 or x2. The direction of integration along the boundary L is
clockwise, and the normal n(n) points inside the cavity. The integral
kernels Ujk, Tjk, Z

k and U

k involved in Eq. (4) are given in Balas et al.
(1989).
The transformed stresses within a thermoelastic region can be
obtained from displacement representation (4) by using the
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strain relation (Balas et al., 1989). Additionally, to account for the
far-ﬁeld stress r1mj, a standard superposition procedure can be
used. As a result, the transformed stresses rmjðz; pÞ for a point z
within the thermoelastic domain jzj > R can be represented as
follows:
rmjðz;pÞ¼
Z
L
tkðn;pÞDmjkðn;zÞþ bTmjkðn;zÞukðn;pÞh idsðnÞ
þr
1
mj
p
þv
Z
L
qðn;pÞFmjðn;z;pÞHðn;pÞGmjðn;z;pÞ
h i
dsðnÞ
cdmjHðz;pÞ ð5Þ
where dmj is the Kronecker’s delta symbol, c = (2l + 3k)a, and
subscripts j,k,m = 1,2 denote coordinate direction x1 or x2.
Again, the direction of integration along the boundary L is
clockwise, and the normal n(n) points inside the cavity. The
integral kernels Dmjk, bTmjk and Fmj involved in Eq. (5) are given
in Balas et al. (1989). The kernel Gmj involved in Eq. (5) is de-
ﬁned as
Gmjðn; z;pÞ ¼ Hmjðn; z; pÞ  cv1nkðnÞDmjkðn; zÞ ð6Þ
where the kernel Hmj is given in Balas et al. (1989).
Integral representations (4) and (5) are valid for an inﬁnite
domain provided that certain regularity conditions at inﬁnity
are satisﬁed. We impose the following regularity conditions (for-
mulated for the case when r1mj ¼ 0): as jzj?1, the time-depen-
dent quantities uj(z, t), rmj(z, t), H(z, t) and q(z, t) and the
corresponding transformed quantities uj ðz; pÞ, rmjðz; pÞ, H*(z,p)
and q*(z,p) are of the orders of jzj1, jzj2, jzj0 and jzj1,
respectively.
3.3. Equations for the material surface
Equations for the material surface with surface tension and sur-
face thermoelasticity were formulated by Murdoch (1976, 2005),
based on equations originally presented by Gurtin and Murdoch
(1975) for the elastic case. As discussed in Mogilevskaya et al.
(2008) most of publications on this topic employed various simpli-
ﬁed versions of the Gurtin and Murdoch equations. Mogilevskaya
et al. (2008) used the complete forms of these equations to solve
the problem of multiple interacting circular nano-inhomogeneities
with surface/interface effects.a
Fig. 2. Tangential and normal components of the traction vector at (a) the boundarTo account for the surface thermoelasticity in the present
work we combine equations formulated by Mogilevskaya
et al. (2008) with the model suggested by Murdoch (1976,
2005).
Equations for the material surface are formulated in the trans-
form domain and include:
(a) Surface equilibrium conditions (Mogilevskaya et al.,
2008)
rl ¼ 
orsur
os
 r0x
sur
R
ð7Þ
rn  P ¼
rsur
R
 r0ox
sur
os
ð8Þ
where rl and rn are the tangential and normal components of the
transformed traction vector ðt1; t2Þ on the surface L (Fig. 2(a)), P* is
the transformed prescribed pressure on the surface L, s is the arc
length of the undeformed surface, rsur* is the transformed one-
dimensional surface stress, and
xsur ¼ u

l
R
þ ou

n
os
ð9Þ
In Eq. (9), ul and u

n are the tangential and normal components
of the transformed displacement vector ðu1;u2Þ on the surface L.
(b) Constitutive equation for the surface (Murdoch, 2005; Mogi-
levskaya et al., 2008)
rsur ¼ p1r0 þ ð2l0 þ k0Þesur  d0H ð10Þ
where d0 is a constant related to surface thermal expansion, and
esur is the transformed one-dimensional surface strain given by
the following formula:
esur ¼ ou

l
os
þ u

n
R
ð11Þ
Eqs. (7)–(11) represent the component form of Murdoch’s equa-
tions (Murdoch, 2005) for a plane problem with a one-dimen-
sional material surface, where the transformed quantities are
used instead of time-dependent ones. Eqs. (7)–(9) and (11) cor-
respond to those given by Mogilevskaya et al. (2008). Eq. (10)
is a modiﬁcation of the corresponding constitutive equation
for the surface given by Mogilevskaya et al. (2008), where the
thermal term is added to account for the surface
thermoelasticity.b
y point n 2 L and (b) the domain point z (jzj > R) on the line with normal n(z).
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We introduce complex transformed displacements and trac-
tions uðz; pÞ ¼ u1ðz; pÞ þ iu2ðz; pÞ and rðz; pÞ ¼ rnðz; pÞ þ irl ðz; pÞ,
where i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
, and rl ðz; pÞ and rnðz; pÞ are the tangential
and normal components of the transformed traction vector
at point z on the line with normal n(z) (Fig. 2(b)). The do-
main point z (jzj > R), or the boundary point n 2 L, is repre-
sented as a complex variable z = x1 + ix2, or n = x1 + ix2,
respectively.
Combining the corresponding components of Eqs. (4) and (5)
and using the following formula:rðz;pÞ¼r

11ðz;pÞþr22ðz;pÞ
2
þe2i/r

22ðz;pÞr11ðz;pÞ2ir12ðz;pÞ
2
ð12Þ
where / is the angle between axis Ox1 and tangent at point z
(Fig. 2(b)), we obtain the following integral representations for
u*(z,p) and r*(z,p):
uðz; pÞ ¼ IE;uðz; pÞ þ IT;uðz; pÞ ð13Þ
rðz;pÞ ¼ IE;rðz;pÞ þ IT;rðz;pÞ ð14Þ
where the integral terms IE,u and IE,r represent elastic mechanical
ﬁelds, and the integral terms IT,u and IT,r represent mechanical ﬁelds
due to thermal effects.
The integral terms IE,u and IE,r in Eqs. (13) and (14) are the trans-
formed counterparts of the corresponding integral representations
for the elastic case (Mogilevskaya and Linkov, 1998). They have the
following form:
IE;uðz;pÞ ¼ 1
2piðjþ 1Þ ðj 1Þ
Z
L
uðn;pÞ dn
n zþ
Z
L
uðn;pÞdk1ðn; zÞ

þ
Z
L
uðn;pÞdk2ðn; zÞ  jl
Z
L
rðn;pÞ lnðn zÞdn
þ j
2l
Z
L
rðn;pÞk1ðn; zÞdn 12l
Z
L
rðn;pÞk2ðn; zÞdn

ð15Þ
IE;rðz;pÞ ¼ l
piðjþ 1Þ 2
Z
L
uðn; pÞ dn
ðn zÞ2

Z
L
uðn; pÞ o
oz
dk1ðn; zÞ
"

Z
L
uðn; pÞ o
oz
dk2ðn; zÞ  j 12l
Z
L
rðn;pÞ dn
n z
 j
2l
Z
L
rðn; pÞ o
oz
k1ðn; zÞdn
þ 1
2l
Z
L
rðn; pÞ o
oz
k2ðn; zÞdn

þ r
1ðzÞ
p
ð16Þwhere j = 3  4m; m is the Poisson’s ratio of the domain;
dz=dz ¼ e2i/; kernels k1 and k2 are
k1ðn; zÞ ¼ ln n z
n z k2ðn; zÞ ¼
n z
n z ð17Þ
and r1 is the complex far-ﬁeld stress
r1ðzÞ ¼ r
1
11 þ r122
2
þ e2i/ r
1
22  r111  2ir112
2
ð18Þ
The integral terms IT,u and IT,r in Eqs. (13) and (14) have the follow-
ing form:IT;uðz;pÞ ¼ c
2piðkþ 2lÞ
Z
L
Hðn;pÞ 1
b2q2
 K1ðbqÞ
bq
" #
dn
(
þ1
2
Z
L
Hðn;pÞðn zÞ K2ðbqÞ  2
b2q2
" #
dk1ðn; zÞ
i
Z
L
qðn;pÞ 1
b2q2
 K1ðbqÞ
bq
" #
dsðnÞ
)
ð19Þ
IT;rðz; pÞ ¼  cHðz;pÞ þ c
4piðkþ 2lÞ
 ðkþ lÞ
Z
L
Hðn;pÞbqK1ðbqÞdk1ðn; zÞ

le2i/
Z
L
Hðn;pÞbqK1ðbqÞ dn
n z
le2i/
Z
L
Hðn;pÞ 8
b2q2
 bqK3ðbqÞ
" #
n z
ðn zÞ2
dn
þ2iðkþ lÞ
Z
L
qðn;pÞK0ðbqÞdsðnÞ  2ile2i/
Z
L
qðn; pÞ
 K2ðbqÞ  2
b2q2
" #
n z
n z dsðnÞ
)
ð20Þ
where q = jn  zj is the distance between points n and z, ds(n) is the
increment of the arc length along the boundary L, and Km is the
modiﬁed Bessel function of the second kind and order m
(m = 0,1,2,3) (Abramowitz and Stegun, 1972).
As before, the direction of travel along the boundary L in Eqs.
(15), (16), (19) and (20) is clockwise and the normal vector points
inside the cavity.
3.5. Complex form of equations for the material surface
Equations for the material surface, given in Section 3.3, can be
rewritten in terms of the complex transformed displacement
u*(n,p) and tractions r*(n,p), where n 2 L. This is done according
to the corresponding equations derived in Mogilevskaya et al.
(2008). Namely, Eq. (23) of Mogilevskaya et al. (2008), is modiﬁed
by including the thermal effect, combining the normal and tangen-
tial components of tractions, and using transformed quantities in-
stead of time-dependent ones. As a result, we obtain the following
single equation for the material surface:
rðn;pÞPðpÞ¼r0
pR
þð2l0þk0Þ
1
R
Re
ouðn;pÞ
on
þiIm o
2uðn;pÞ
on2
g1ðnÞ
" #( )
þr0 Re o
2uðn;pÞ
on2
g1ðnÞ
" #
þi1
R
Im
ouðn;pÞ
on
( )
d0 H
ðn;pÞ
R
ioH
ðn;pÞ
os
 
ð21Þ
where we introduced the following function:
gðzÞ ¼ R
z
ð22Þ
which for a boundary point n = Reih transforms to g(n) = eih. In Eq.
(21) and in all expressions below, Re and Im denote, respectively,
real and imaginary parts of complex numbers.
4. Solution strategy in the Laplace transform domain
4.1. Solution for the temperature difference
An analytical solution to the modiﬁed Helmholtz equation (1) in
polar coordinates (r,h) is available in terms of an inﬁnite series (e.g.
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ence H*(z,p), such that H*(z,p)? 0 as jzj?1, has the following
form:
Hðz;pÞ ¼
X1
m¼1
KmðbrÞ
KmðbRÞ e
imhXmðpÞ ð23Þ
where Km is the modiﬁed Bessel function of the second kind and or-
der m (Abramowitz and Stegun, 1972), and Xm(p) are unknown ser-
ies coefﬁcients. These coefﬁcients can be found from the following
procedure. Using representation (23), the values H*(n,p) and
qðn;pÞ ¼ oHðn;pÞ=onðnÞ at the boundary (where r = R) can be ex-
pressed as the following Fourier series:
Hðn;pÞ ¼
X1
m¼1
eimhXmðpÞ ðn 2 LÞ ð24Þ
qðn; pÞ ¼ b
X1
m¼1
eimhXmðpÞK
0
mðbRÞ
KmðbRÞ ðn 2 LÞ ð25Þ
where K 0m is the derivative of the modiﬁed Bessel function Km. Func-
tion U*(h,p) involved in the boundary condition (2) is expanded in
Fourier series as follows:
Uðh;pÞ ¼
X1
m¼1
cmðpÞeimh ð26Þ
where cm(p) are the Fourier coefﬁcients. By substituting series (24)–
(26) into Eq. (2) and using the orthogonality properties of Fourier
series, the unknown coefﬁcients are found as
XmðpÞ ¼ cmðpÞKmðbRÞaKmðbRÞ  bbK 0mðbRÞ
: ð27Þ4.2. Solution for displacements and stresses
To obtain the transformed ﬁelds u*(z,p) and r*(z,p) from
Eqs. (13) and (14), one needs to substitute the boundary
values u*(n,p), r*(n,p), H*(n,p) and q*(n,p) into the integral
terms IE,u, IE,r, IT,u and IT,r (Eqs. (15), (16), (19) and (20)).
The boundary values H*(n,p) and q*(n,p) are given by Eqs.
(24) and (25) while the boundary values u*(n,p) and
r*(n,p) are unknown.
To ﬁnd the two boundary unknowns u*(n,p) and r*(n,p), two
equations should be used: the equation for the material surface
(Eq. (21)) and either one of the two integral representations, Eq.
(13) or Eq. (14). We choose to use Eq. (14).
The main steps of the solution are described below.
4.2.1. Approximation of the unknowns and evaluation of the integrals
We expand the boundary unknowns into complex Fourier ser-
ies, as follows:
uðn;pÞ ¼
X1
m¼1
AmðpÞgmðnÞ ðn 2 LÞ ð28Þ
rðn; pÞ ¼
X1
m¼1
BmðpÞgmðnÞ ðn 2 LÞ ð29Þ
where g(n) is given by Eq. (22), and coefﬁcients Am(p) and Bm(p) are
unknown functions of p.
After substituting expansions (24), (25), (28) and (29) into Eq.
(14), all integrals involved in the right-hand side of Eq. (14) can
be evaluated analytically. Integrals involved in IE,r have been eval-
uated in Mogilevskaya and Crouch (2001); integrals involved in IT,r
are given in Appendix A.
As a result, integral terms IE,r and IT,r are expressed as the fol-
lowing inﬁnite series:IE;rðz; pÞ ¼ 2lðjþ 1ÞR
X1
m¼1
g1mðzÞmAmðpÞ þ e2i/
X1
m¼1
gmþ1ðzÞmAmðpÞ
"
e2i/
X1
m¼1
g3mðzÞmAmðpÞ m 2 ðm 1Þ r
2
R2
 
þ
X1
m¼1
g1mðzÞmAmðpÞ þ R2l
X1
m¼1
gmðzÞBmðpÞ
jR
2l
e2i/
X1
m¼1
gmþ2ðzÞBmðpÞ þ R2l
X1
m¼1
gmðzÞBmðpÞ
 R
2l
e2i/
X0
m¼1
g2mðzÞBmðpÞ m 1m r
2
R2
 #
þ r
1ðzÞ
p
ð30Þ
IT;rðz;pÞ¼ cl
kþ2lH
ðz;pÞe2i/ cl
kþ2l
X1
m¼1
gmþ2ðzÞXmðpÞKmþ2ðbrÞKmðbRÞ
r
R
 mþ2
þe2i/
X1
m¼0
gmþ2ðzÞDmðpÞ ð31Þ
where the transformed temperature difference H*(z,p) is given by
Eq. (23), and
DmðpÞ ¼ clkþ 2lXmðpÞ
Kmþ2ðbRÞ
KmðbRÞ  1
 
: ð32Þ4.2.2. Limiting process (z? L)
We now perform the limiting process, in which a domain point
z = reih approaches a boundary point n = Reih. Taking into account
that the normal n(n) points inside the cavity and e2i/ = g2(n)
along the boundary, the boundary values of IE,r and IT,r are
obtained by setting r? R in Eqs. (30) and (31), as follows:
IE;rðn;pÞ ¼ 2lðjþ 1ÞR
X1
m¼1
g1mðnÞmAmðpÞ 
X1
m¼2
g1mðnÞmAmðpÞ
"
2ReA1ðpÞ þ R2l
X1
m¼1
gmðnÞBmðpÞ
þjR
2l
X1
m¼1
gmðnÞBmðpÞ  R2lB0ðpÞ
#
þr
1
11 þ r122  g2ðnÞðr122  r111  2ir112Þ
2p
ðn 2 LÞ
ð33Þ
IT;rðn;pÞ ¼
X2
m¼1
gmðnÞDmðpÞ ðn 2 LÞ ð34Þ
The right-hand sides of Eqs. (33) and (34) represent Fourier series
expansions.
Assuming that z = n in Eq. (14) and substituting expressions (33)
and (34) into this equation, we obtain the Fourier series represen-
tation for r*(n,p). On the other hand, r*(n,p) is expanded in Fourier
series (29). This allows one to form the following boundary
equation:X1
m¼1
BmðpÞgmðnÞ ¼ IE;rðn;pÞ þ IT;rðn;pÞ ðn 2 LÞ ð35Þ
where both sides of the equation are written in terms of Fourier ser-
ies. Using the orthogonality properties of Fourier series, the follow-
ing set of equations is formulated:
B0ðpÞ ¼ 2lR ReA1ðpÞ þ
jþ 1
4p
ðr111 þ r122Þ ð36Þ
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BmðpÞ¼ 2ljRð1mÞA1mðpÞ
þjþ1
j
DmðpÞdm2r
1
22r1112ir112
2p
 
ðmP2Þ ð38Þ1 The following procedure can be deduced from the theory presented in Carslaw
and Jaeger (1963). If p = ix (x is a real number) is the largest-real-part singularity o
the transformed function f*(p), and f*(p)? c(p + ix)1 as p? ix (c is a constant)
then f(t)? ceixt as t?1. Thus, if f*(p) is the transformed solution, then for x– 0
the large-time limit is a time-periodic solution f(t) = ceixt, and for x = 0, the large-4.2.3. Solution for the unknown coefﬁcients
Substituting expansions (24) and (28) into Eq. (21), we reformu-
late the equation for the material surface as follows (a modiﬁcation
of Eq. (32) of Mogilevskaya et al. (2008)):
rðn; pÞ  PðpÞ ¼ r0
pR
 d0
R
X1
m¼1
ðmþ 1ÞXmðpÞgmðnÞ
 2
R
n
2gReA1ðpÞ
þ
X1
m¼2
ðm 1Þ½ðmþ 1Þgð2ÞAmþ1ðpÞ
ðm 1Þgð1ÞA1mðpÞgmðnÞ
þ
X1
m¼1
ðmþ 1Þ½ðmþ 1Þgð1ÞAmþ1ðpÞ
þðm 1Þgð2ÞA1mðpÞgmðnÞ
o
ð39Þ
where
g ¼ ð2l0 þ k0Þ=ð4RÞ; gð1Þ ¼ gþ r0=ð4RÞ; gð2Þ ¼ g r0=ð4RÞ
Substituting expansion (29) into the left-hand side of Eq. (39) and
using the orthogonality properties of Fourier series, the following
equations are obtained:
B0ðpÞ ¼ PðpÞ þ r0pRþ
4g
R
ReA1ðpÞ  d0R X0ðpÞ ð40Þ
BmðpÞ ¼ 2ðmþ 1ÞR ðmþ 1Þg
ð1ÞAmþ1ðpÞ  ðm 1Þgð2ÞA1mðpÞ
h
 d0
2
XmðpÞ

ðm–0Þ ð41Þ
Eqs. (36), (37), (38), (40) and (41) form the complete set of equa-
tions for the unknown coefﬁcients Am(p) and Bm(p). As a result,
the coefﬁcients Am(p) are found as
ReA1ðpÞ ¼ R2ð2gþ lÞ
jþ 1
4p
ðr111 þ r122Þ  PðpÞ 
r0
pR
þ d0
R
X0ðpÞ
 
ð42Þ
A2ðpÞ ¼ d02ð2gð1Þ þ lÞX1ðpÞ ð43Þ
Amþ1ðpÞ ¼ RDm 
d0
R
XmðpÞ ðm 1Þr02Rþ
l
j
h i
þðjþ 1Þg
ð2Þ
j
r122  r111 þ 2ir112
2p
dm2  DmðpÞ
 
ð44Þ
A1mðpÞ ¼ RDm
d0
R
XmðpÞ ðmþ 1Þr02Rþ l
h i
ðjþ 1Þ
j
ðmþ 1Þgð1Þ þ l	 

1m
 r
1
22  r111  2ir112
2p
dm2  DmðpÞ
 
ð45Þ
where in Eqs. (44) and (45) mP 2, and
Dm ¼ 2 ðm2  1Þgr0R þ ðmþ 1þ jðm 1ÞÞ
lgð1Þ
j
þ l
2
j
 Substituting expressions (42)–(45) into Eqs. (36)–(38), one can ﬁnd
the coefﬁcients Bm(p) for m– 1. For m = 1, Eq. (41) implies that
B1(p) = 0.
4.2.4. Computation of displacements and stresses in the domain
The transformed tractions r*(z,p) are obtained from Eqs. (14),
(30) and (31) in terms of an inﬁnite series. The transformed dis-
placements u*(z,p) are obtained in a similar form by substituting
the Fourier series expansions (24), (25), (28) and (29) into Eq.
(13) and evaluating the integrals analytically. Integrals involved
in IE,u have been evaluated in Wang et al. (2003). Integrals involved
in IT,u are similar to those involved in IT,r and for this reason are not
given here.
5. Solution in the time domain
To obtain the time-dependent complex displacements u(z, t),
tractions r(z, t) and temperature difference H(z, t), we apply the
algorithm for numerical inversion of the Laplace transform pre-
sented by Lopez-Fernandez and Palencia (2004). This algorithm
has proved to be efﬁcient and accurate for a certain class of func-
tions (Lopez-Fernandez and Palencia, 2004), and it can be shown
that the transformed quantities u*(z,p), r*(z,p) and H*(z,p), pre-
sented in Section 4, belong to that class. For the details of the inver-
sion algorithm the interested reader is referred to Lopez-Fernandez
and Palencia (2004). For the present problem the algorithm has
been implemented similarly as done in our previous work (Gordel-
iy et al., 2009).
The functions P*(p) and p1 are inverted analytically as follows:
L1ðPðpÞÞ ¼ PðtÞ; L1ðp1Þ ¼ 1 ð46Þ
In some problems a steady-state or periodic solution can be de-
duced from the corresponding transformed solution1 by assuming
that t?1. Examples of such problems are given in Sections 6 and 7.
The radial, hoop and rh-components of the stresses and the ra-
dial and angular components of the displacement can be found
using the following relations:
rðz; tÞ ¼ rrrðz; tÞ þ rhhðz; tÞ
2
þ e2iðh/Þ
 rhhðz; tÞ  rrrðz; tÞ  2irrhðz; tÞ
2
ð47Þ
uðz; tÞ ¼ eihðurðz; tÞ þ iuhðz; tÞÞ: ð48Þ6. Veriﬁcation of the approach
6.1. Classical thermoelastic problems (surface effects are not taken into
account)
In the absence of surface effects (l0 = k0 = r0 = 0 and d0 = 0), the
problem reduces to a classical transient uncoupled thermoelastic
problem of a circular cavity. We have veriﬁed that in this case
our solution coincides with the available solutions to the following
problems: (a) a transient problem where a constant heat ﬂux is
prescribed at the boundary of the cavity, and the cavity is trac-
tion-free; (b) a time-periodic problem where the time-periodic Ro-
bin boundary condition for the temperature difference and the
time-periodic pressure are prescribed at the boundary of the cav-time limit is a steady-state solution f(t) = c.f
,
,
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traction-free cavity in a uniform heat ﬂow.
6.1.1. Problem (a)
A benchmark solution to problem (a) can be deduced from the
solution to the generalized thermoelastic problem presented by
Furukawa et al. (1990). In Furukawa et al. (1990) the problem is
solved by using a general radially symmetric solution to the partial
differential equations governing the generalized thermoelasticity.
The boundary conditions assumed in Furukawa et al. (1990) in-
clude a constant heat ﬂux and a constrained radial displacement
along the boundary of the cavity. To reduce the problem to the
classical transient uncoupled thermoelastic problem, we substitute
c1?1, d = 0 and t0 = 0 in Eqs. (3) and (4) of Furukawa et al. (1990).
Under these conditions, their solution produces zero tractions
along the boundary of the cavity and thus can be used as a bench-
mark solution to problem (a). The transformed displacement and
stresses are given by Eqs. (23) and (25) of Furukawa et al. (1990),
where n2? 0.
In our approach, the boundary condition for the temperature
difference is Eq. (3) with a = 0, b = 1, and U(h, t) = q0H(t), where q0
is a constant, and H(t) is the Heaviside step function (H(0) = 0
and H(t) = 1 for t > 0). The cavity is traction-free (P(t) = 0) and the
far-ﬁeld stresses are zero (r1 = 0). We have veriﬁed that the
closed-form expressions obtained with our approach for the trans-
formed radial displacement and the radial and hoop stresses coin-
cide with those obtained in Furukawa et al. (1990).
6.1.2. Problem (b)
A benchmark solution to problem (b) is deduced from a solution
to a thermoelastic problem with multiple circular cylindrical cavi-
ties presented by Golovchan (1972), who solved the problem using
the quasi-static (time-periodic) thermoelastic wave potentials. The
mechanical boundary conditions, assumed in Golovchan (1972) in-
clude, among other options, the option of speciﬁed pressure along
the boundary of the cavity. Expressions for stresses can be derived
from the thermoelastic potentials given by Eqs. (3.4) and (3.16) of
Golovchan (1972).
In our approach, the time-periodic Robin boundary condition
for the temperature difference is Eq. (3) with U(h, t) =U1(h)eixt,
where x is a nonzero real number, and U1(h) is a continuous func-
tion on L. In Eq. (26), the Fourier coefﬁcients are cm(p) = (p +
ix)1c1m, where c1m are the corresponding Fourier coefﬁcients of
the function U1(h). The time-periodic pressure on L is prescribed
as P(t) = P1eixt, and the transformed pressure is P*(p) = (p +
ix)1P1, where P1 is a constant. The far-ﬁeld stresses are zero
(r1 = 0). For t?1, the time-dependent complex tractions r(z, t)
tend to the time-periodic complex tractions rper(z, t), which are ob-
tained as (see Section 5)
rperðz; tÞ ¼ eixt lim
p!iw
½ðpþ ixÞrðz; pÞ ð49Þ
We have veriﬁed that the closed-form expressions obtained with
our approach for the radial, rh- and hoop components of the time-
periodic stresses (49) coincide with those derived from the thermo-
elastic potentials given in Golovchan (1972).
6.1.3. Problem (c)
Problem (c) for the case of plane stress has been solved by Flor-
ence and Goodier (1959) by using complex potentials. We compare
their solution for the displacements and stresses adapted for the
case of plane strain with our solution.
The steady-state uniform heat ﬂow, represented by the temper-
ature ﬁeld q0x2 (where q0 is a constant), does not produce stresses
(Parkus, 1976). The temperature ﬁeldH(z, t) due to the presence of
a thermally insulated cavity tends to zero as jzj?1 and satisﬁesboundary condition (3) with a = 0, b = 1, and Uðh; tÞ ¼
 oon ðq0x2ÞjL ¼ q0 sin h. The cavity is traction-free (P(t) = 0) and the
far-ﬁeld stresses are zero (r1 = 0). For t?1, the time-dependent
complex tractions r(z, t) and displacement u(z, t) tend to the stea-
dy-state complex tractions rst(z) and displacement ust(z), which
are obtained as (see Section 5)
rstðzÞ ¼ lim
p!0
½prðz; pÞ; ustðzÞ ¼ lim
p!0
½puðz;pÞ ð50Þ
where ust(z) is deﬁned up to some additional terms that can be
found by ﬁxing the rigid body translation and rotation.
We have veriﬁed that the closed-form expressions obtained
with our approach for the radial, hoop and rh-components of the
steady-state stresses and the radial and angular components of
the steady-state displacement (up to rigid body translation and
rotation) coincide with those obtained by Florence and Goodier
(1959).
6.2. Elastic problems with surface effects
In the absence of thermal effects (when the temperature change
is zero, H(z, t) = 0), the problem reduces to an elastic problem of a
nano-scale cavity with surface effects. In this case the mechanical
ﬁelds are governed by the integral terms IE,u and IE,r (Eqs. (13) and
(14)), and the solution reduces to that obtained by Mogilevskaya
et al. (2008) for the case of a single cavity. The present solution
additionally includes pressure P(t) prescribed at the boundary of
the cavity, which was not included in Mogilevskaya et al.
(2008).
7. Numerical examples
We consider several numerical examples to study the surface/
interface effects associated with thermal loadings. The surface/
interface effects due to elastic loadings have been well studied
by Mogilevskaya et al. (2008). Thus, here we assume that P(t) = 0
and r1 = 0.
The purposes of the numerical examples are twofold. First,
we study the signiﬁcance of the thermoelastic term in the equa-
tion for the material surface (the term d0H* in Eq. (10)) and its
effect on thermal stresses. Duan and Karihaloo (2007) showed
that this term plays a very important role for the evaluation
of the effective coefﬁcient of thermal expansion in heteroge-
neous materials with nano-scale imperfections, while most of
the previous works on the topic did not take this term into con-
sideration (see the review in Duan and Karihaloo (2007)). Thus,
for each numerical example we study the signiﬁcance of the
surface thermoelastic properties and their effect on thermal
stresses. As suggested by Duan and Karihaloo (2007), we as-
sume that d0 = 2a0(l0 + k0).
Second, we are not aware of any available solutions for the ther-
mal stresses in problems with nano-scale cavities with surface/
interface effects. Thus, we cannot directly compare our results with
benchmark solutions for this case. However, under certain condi-
tions on surface parameters, the generalized Gurtin and Murdoch
model can simulate the behavior of a thin uniform thermoelastic
interphase layer (Duan and Karihaloo, 2007). Thus, for every prob-
lem considered below we also consider the companion problem of
a cavity with the uniform interphase layer and compare the results
for the two problems. For elastic problems Mogilevskaya et al.
(2008) demonstrated an excellent agreement of the two models.
Such a comparison was only possible when the surface tension
was neglected (i.e. r0 = 0).
In all the examples we consider a material made from anodic
alumina. We use the following thermoelastic properties: the shear
modulus l = 34.7 GPa and Poisson’s ratio m = 0.3 (Duan et al.,
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(Pathak and Shenoy, 2005).
To study the signiﬁcance of the surface parameters l0, k0, r0
and d0 we compare three solutions: (I) the classical solution
(l0 = k0 = r0 = 0 and d0 = 0) (i.e. the solution of the classical uncou-
pled thermoelastic problem), (II) the solution that neglects the sur-
face tension (l0– 0, k0– 0, d0– 0, r0 = 0), and (III) the solution
with the complete set of nonzero surface parameters (l0– 0,
k0– 0, d0– 0, r0– 0).
In solutions (II) and (III) we adopt the value a0 = 5a (as sug-
gested by Duan and Karihaloo (2007)) and the two sets of surface
parameters l0 = 6.2178 N/m, k0 = 3.48912 N/m and
l0 = 0.3755 N/m, k0 = 6.842 N/m (Miller and Shenoy, 2000). For
the magnitude of the surface tension for alumina surfaces the liter-
ature provides a range of possible values (e.g. Todd and Lynden-
Bell, 1993; Miller and Shenoy, 2000; Shenoy, 2005). In solution
(III) we adopt the value r0 = 0.72 N/m within that range.
To compare the results obtained for the generalized Gurtin and
Murdoch model with those for the interphase layer model we con-
sider the case of a cavity of radius R with the material surface
(Fig. 3(a)) and the case of a cavity of radius R  h/2 with a uniform
interphase layer of thickness h (Fig. 3(b)). We assume that the
interphase layer is thin with respect to the size of the cavity, i.e.
the ratio e = h/R is small. According to the analysis performed by
Benveniste and Miloh (2001) and Duan and Karihaloo (2007), the
two models are equivalent under the following conditions:
k0 ¼ 2lintkintkint þ 2lint
h; l0 ¼ linth; a0 ¼ aint ð51Þ
where the interphase parameters are denoted by the subscript ‘‘int”,
and kint and lint are of the following orders:
kint  k2e ; lint 
l
2e
ð52Þ
To satisfy Eqs. (51) and (52), we adopt the following values for the
surface parameters and the interphase layer parameters:
k0 ¼ 2l0kkþ 2l ; l0 ¼
lR
2
; a0 ¼ 5a ð53Þ
kint ¼ k2e ; lint ¼
l
2e
; aint ¼ 5a ð54Þ
We are particularly interested in the comparison of the jump in
tractions along the boundary of the cavity. For the generalized Gur-
tin and Murdoch model, we deﬁne the jumps in the normal and
shear components of tractions as follows (Eqs. (7) and (8)):a
Fig. 3. (a) Cavity with the material surface. (b)DGMrn ¼ rrr jL  PðtÞ; DGMrl ¼ rrhjL ð55Þ
For the uniform interphase layer model, the corresponding jumps
are deﬁned as
Dintrn ¼ rrrjL2  rrr jL1 ; D
intrl ¼ rrhjL2  rrhjL1 ð56Þ
where L1 and L2 are the boundaries of the layer (Fig. 3(b)).
For all the examples considered below, we have mathematically
shown that under conditions (53) and (54) and when r0 = 0,
lim
e!0
Dintrn ¼ DGMrn; lim
e!0
Dintrl ¼ DGMrl: ð57Þ7.1. Transient problem with the internally heated cavity
We emphasize that most of the previous works on the topic
considered steady-state heat conduction in thermoelastic prob-
lems with surface/interface effects (see Section 1). For this reason,
we provide more details in this section than for the steady-state
problems considered later.
We assume that a constant temperature difference HL is ap-
plied at the boundary of the cavity so the problem is radially sym-
metric. The boundary condition for the temperature difference is
Eq. (3) with a = 1, b = 0, and U(h, t) =HLH(t), where H(t) is the
Heaviside step function.
The stresses are obtained as follows:
rrrðz; tÞ ¼ Rr
 2 l r0  d0HLð Þ
Rð2gþ lÞ
 clHL
kþ 2l f1ðz; tÞ þ
R
r
 2
ðf2ðz; tÞ  1Þ
" #
ð58Þ
rhhðz; tÞ ¼ rrrðz; tÞ  2clHLkþ 2l f1ðz; tÞ ð59Þ
where the functions f1(z, t) and f2(z, t) are the following inverse
Laplace transforms:
f1ðz; tÞ ¼ L1 K0ðbrÞpK0ðbRÞ
 
; f 2ðz; tÞ ¼ L1
K2ðbRÞ  K2ðbrÞ rR
 2
pK0ðbRÞ
" #
ð60Þ
The inversion of the Laplace transform in Eq. (60) is performed
numerically (see Section 5).
The stresses at the cavity’s surface are obtained asb
Cavity with the uniform interphase layer.
1842 E. Gordeliy et al. / International Journal of Solids and Structures 46 (2009) 1834–1848rrrjL ¼
l r0  d0HLð Þ
Rð2gþ lÞ ; rhhjL ¼ 
lðr0  d0HLÞ
Rð2gþ lÞ 
2cl
kþ 2lHL: ð61Þ7.1.1. Signiﬁcance of surface thermoelastic properties
We consider the case of a cavity of radius R = 5 nm with applied
surface temperature difference HL = 100 K. The distribution of
stresses with distance from the cavity is shown in Fig. 4 for both
sets of the parameters l0 and k0. The stresses are shown at dimen-
sionless times s = 1, s = 10 and s = 100, where the dimensionless
time is deﬁned as s = vt/R2. It can be seen that the surface param-
eters notably affect the distribution of the stresses, and the follow-
ing observations are made.
Depending on the sign of the term r0  d0HL (Eq. (61)), the nor-
mal stress at the cavity’s surface can be tensile (solutions (II, III) in5 10 15 20 25
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Fig. 4. (a) Radial and (b) hoop stresses for the case l0 = 6.2178 N/m, k0 = 3.48912 N/m;Fig. 4(a) and solution (III) in Fig. 4(c)) or compressive (solution (II)
in Fig. 4(c)), while it is zero for solution (I).
For both sets of the parameters l0 and k0, the maximum stress
is the hoop stress at the cavity’s surface. As seen from Fig. 4(b) and
(d), the maximum stress is compressive in all the solutions with
the maximum compressive stress for solution (III).
As compared to solution (I), surface effects may increase (solu-
tions (II, III) in Fig. 4(b) and solution (III) in Fig. 4(d)) or reduce
(solution (II) in Fig. 4(d)) the maximum stress.
The difference between the solutions (II) and (III) and the differ-
ence between the results for the two sets of the parameters l0 and
k0 show the signiﬁcance of the surface tension r0 and the surface
thermoelastic term d0H in the equation for the material surface
(Eq. (10)).15 20 25
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and (c) radial and (d) hoop stresses for the case l0 = 0.3755 N/m, k0 = 6.842 N/m.
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The solution for the transient problem of a circular cavity with
the uniform interphase layer can be obtained using the representa-
tion of the stresses and displacement for radially symmetric ther-
moelastic problems in cylindrical coordinates (Noda et al., 2003).
Using Eqs. (6.7) and (6.8) of Noda et al. (2003) for the stresses
and displacement inside the matrix and the interphase layer and
employing the perfect-bond continuity conditions across the ma-
trix/interphase boundary, we have obtained the required solution.
The jump DGMrn has been found from Eqs. (55) and (61) as
DGMrn ¼ lðr0  d0HLÞRð2gþ lÞ ð62Þ
This jump is time-independent.
The jump Dintrn has been found from Eq. (56). This jump is
time-dependent. However, under the conditions (51) and (52), it
can be shown that
lim
e!0
Dintrn ¼  ld0HLRð2gþ lÞ ð63Þ
One can see that Eq. (57) is satisﬁed if r0 = 0. (The shear compo-
nents of the jumps are zero due to the symmetry.)
For the sake of illustration, we consider the case of a cavity of
radius R = 1 nm with applied surface temperature difference
HL = 100 K. Additionally, r0 = 0 is adopted for the generalized Gur-
tin and Murdoch model.
Fig. 5(a) shows a comparison of the jump in the normal compo-
nent of the tractions for the generalized Gurtin and Murdoch mod-
el (Eq. (62)) and for the uniform interphase layer model (Eq. (56))
with e = 102, 103 and 104. The jump is shown for dimensionless
times 1 6 s 6 30. It is seen that at all times the jump Dintrn con-
verges to DGMrn as e? 0.1 10
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Fig. 5. (a) Jump in the normal component of tractions; (bThe distribution of stresses near the cavity’s surface is shown in
Fig. 5(b). The results for the uniform interphase layer model are
shown for e = 102 and 103. The stresses are shown at dimension-
less times s = 1,10 and 100. Again, it may be concluded that for
e? 0 the results from the uniform interphase layer model con-
verge to those from the generalized Gurtin and Murdoch model.
Excellent agreement of the results is observed for the case when
e = 103 is used in the uniform interphase model.
7.2. Steady-state problem with the insulated cavity in a uniform heat
ﬂow
We assume a steady-state uniform heat ﬂow, represented by
the temperature ﬁeld q0x2 (where q0 is a constant), passing an insu-
lated cavity. The problem is a generalization of problem (c) consid-
ered in Section 6.1, where the surface effects are now accounted
for.
The stresses are obtained as follows:
rrrðzÞ ¼ Rr
 2 l
R
r0
2gþ l
R2
r
d0q0
2gð1Þ þ l sin h
" #
 clq0
kþ 2l
R2
r
1 R
r
 2" #
sin h ð64Þ
rhhðzÞ ¼  Rr
 2 l
R
r0
2gþ l
R2
r
d0q0
2gð1Þ þ l sin h
" #
 clq0
kþ 2l
R2
r
1þ R
r
 2" #
sin h ð65Þ
rrhðzÞ ¼ Rr
 3 ld0q0
2gð1Þ þ l cos hþ
clq0
kþ 2l
R2
r
1 R
r
 2" #
cos h ð66Þ20 30
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We consider the case of a cavity of radius R = 5 nm in the uni-
form heat ﬂow with q0 = 100 K/nm. The distribution of the radial
and hoop stresses with distance from the cavity is shown in
Fig. 6. The stresses are shown for several values of h.
As in the previous example, it can be seen that the surface
parameters notably affect the distribution of the stresses. The
normal stresses at the cavity’s surface can be non-zero, while
they are zero for the classical solution. The surface effects
may also increase or reduce the maximum stress. The differ-
ence between the solutions (II) and (III) and the difference be-
tween the results for the two sets of the parameters l0 and k0
show the signiﬁcance of the surface tension r0 and the surface
thermoelastic term d0H in the equation for the material
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Fig. 6. (a) Radial and (b) hoop stresses for the case l0 = 6.2178 N/m, k0 = 3.48912 N/m;7.2.2. Comparison with a membrane-type interphase layer model
The solution to the problem of the cavity with the uniform
interphase layer has been obtained by Fukui and Fukui (1969).
The jumps DGMrn and DGMrl have been found from Eqs. (55),
(64) and (66); the jumps Dintrn and Dintrl have been found from
Eqs. (24) and (26) of Fukui and Fukui (1969). It has been shown
that Eq. (57) is satisﬁed if r0 = 0.
For the sake of illustration, we consider the case of a cavity of
radius R = 1 nm in the uniform heat ﬂow with q0 = 100 K/nm. Addi-
tionally, r0 = 0 is adopted for the generalized Gurtin and Murdoch
model.
Fig. 7(a) shows a comparison of the jumps in the normal and
shear components of the tractions; Fig. 7(b) shows a comparison
of the hoop stresses along the boundary of the cavity; and
Fig. 7(c) shows a comparison of the radial and hoop stresses15 20 25
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the uniform interphase layer model are shown for e = 102 and
103. It is seen that for e? 0 the results from the uniform inter-
phase layer model converge to those from the generalized Gurtin
and Murdoch model. Excellent agreement of the results is ob-
served for the case when e = 103 is used in the uniform inter-
phase model.
7.3. Steady-state problem with a Fourier series representation of the
boundary temperature
For the classical plane steady-state problem without heat gen-
eration, it is known that ‘‘the components of cosnh and sinnh for
nP 2 in the temperature do not affect the thermal stress” (Noda
et al., 2003). Thus, if the steady-state temperature applied at the
boundary of the cavity can be represented by the following Fourier
series:
HðnÞ ¼
X1
n¼1
einhGn ðn 2 LÞ ð67Þ
where Gn are the Fourier coefﬁcients, then the terms with jnjP 2 do
not affect the thermal stresses.
It turns out that when the surface effects are accounted for, the
above statement is incorrect, and the terms with jnjP 2 in series
(67) affect the thermal stresses. To illustrate this, we consider
the particular case when the temperature difference
H(n) =HLcos2h is applied at the boundary of the cavity, where
n 2 L, and HL is a constant.
The stresses are obtained as follows:rrrðzÞ ¼  lR
R
r
 2
 r0
2gþ lþ cos 2h 6
R
r
 2
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"(
þ 4 3 R
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2" # 2
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where the coefﬁcients ReA1 and A3 are found as (Eqs. (42) and (44))
ReA1 ¼  RjHL4½3gr0jþ ðjþ 3ÞRlgð1Þ þ Rl2 d0
3r0
2R
þ l
 
þR ðjþ 1Þð3g
ð1Þ þ lÞ
j
cl
kþ 2l

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j
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j
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kþ 2l

In the absence of the surface effects (l0 = k0 = r0 = 0 and d0 = 0), the
solution reduces to the classical solution, and Eqs. (68)–(70) give
zero stresses.
7.3.1. Signiﬁcance of surface thermoelastic properties
We consider the case of a cavity of radius R = 5 nm and
assume that HL = 100 K. The distributions of the radial and
hoop stresses with distance from the cavity are shown in
Fig. 8. The following observations can be made from these
results:
The stresses in solution (I) are zero everywhere. The stresses are
present only due to the surface effects.5 10 15 20 25
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Fig. 8. (a) Radial and (b) hoop stresses for the case l0 = 6.2178 N/m, k0 = 3.48912 N/m;As in the previous examples, there is a notable difference be-
tween solutions (II) and (III), which shows the signiﬁcance of the
surface tension r0.
There is a signiﬁcant difference between the behavior of the
stresses in Fig. 8(a) and (b) (for the ﬁrst set of parameters l0 and
k0) and that in Fig. 8(c) and (d) (for the second set). For instance,
for both solutions (II) and (III), the behavior of the stresses for
h = 0 in Fig. 8(a) and (b) is different from that in Fig. 8(c) and (d).
Additionally, in solution (III), the magnitude and the location of
the maximum stress is different for the two sets of the parameters
l0 and k0. These observations show the signiﬁcance of the surface
thermoelastic term d0H in the equation for the material surface
(Eq. (10)).
7.3.2. Comparison with a membrane-type interphase layer model
The solution to the problem of the cavity with a uniform inter-
phase layer can be obtained using the representation of the solu-15 20 25
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surface.
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nates (Section 6.2.1 of Noda et al. (2003)). Using the perfect-bond
continuity conditions across the matrix/interphase boundary, we
have obtained the required solution. The corresponding jumps
Dintrn and Dintrl were found from Eq. (56) and the jumps DGMrn
and DGMrl from Eqs. (55), (68) and (70). It has been veriﬁed that
Eq. (57) is satisﬁed if r0 = 0.
For the sake of illustration, we consider the case of a cavity of
radius R = 1 nm and assume that HL = 100 K. Additionally, r0 = 0
is adopted for the generalized Gurtin and Murdoch model.
Fig. 9(a) shows a comparison of the jumps in the normal and
shear components of the tractions. Fig. 9(b) shows a comparison
of the hoop stresses along the boundary of the cavity. Fig. 9(c)
shows a comparison of the radial and hoop stresses (for h = 0)
and rh-components of the stresses (for h = p/4) near the cavity’s
surface. In all cases, the results for the uniform interphase layer
model are shown for e = 102 and 103. It is seen that for e? 0
the results from the uniform interphase layer model converge to
those from the generalized Gurtin and Murdoch model. Excellent
agreement of the results is observed for the case when e = 103 is
used in the uniform interphase model.
8. Discussion and conclusions
This paper presents a semi-analytical solution for the transient
uncoupled thermoelastic problem in an inﬁnite medium contain-
ing a circular nano-scale cavity. The use of the complete general-
ized Gurtin and Murdoch model (Murdoch, 1976, 2005) allows
one to account for the size-effect. The analytical solution to the
problem is obtained in the Laplace transform domain using the
complex-variable boundary integral method. The time-dependent
solution is obtained by using the numerical inversion of the La-
place transform. The large-time steady-state or time-periodic solu-
tions are discussed.The numerical examples demonstrate a signiﬁcant effect of
the surface tension and surface thermoelasticity on the ther-
mal stresses. In all the examples, the stresses due to the sur-
face effects are localized near the cavity’s surface; however,
the surface effects may alter the magnitude of the maximum
stress in the material which may increase or reduce the pos-
sibility of failure. In some problems, localized stresses may
appear only for nano-scale cavities, while they do not appear
for cavities of larger size where the surface effects may be
neglected (Section 7.3). In the numerical examples it was
shown that when the surface tension is neglected, the results
for the present approach could be viewed as the limiting case
of the corresponding results related to the uniform interphase
layer model.
The method of solution allows for a direct extension for the
problem of a material with multiple nano-scale cavities and inho-
mogeneities. The temperature distribution in such problems can be
obtained using the superposition principle, as done in our previous
work (Gordeliy et al., 2008). The complex-variable boundary inte-
gral technique can be extended to the case of multiple circular cav-
ities and inhomogeneities as done in Mogilevskaya et al. (2008).
The solution for this problem will provide the means to study
the thermomechanical behavior of materials with nanochannel-ar-
rays and nano-ﬁbers.
The method can also be extended for the three-dimensional
problem of a material with nano-scale spherical cavities and parti-
cles. The temperature distribution for such problems has been ob-
tained using the superposition principle in Gordeliy et al. (2009).
Instead of the complex Fourier series, series of surface spherical
harmonics are used for the approximation of the boundary un-
knowns. The method of the solution for the mechanical ﬁelds will
also be based on the superposition and the solution for a single
spherical inhomogeneity presented in Mogilevskaya and Crouch
(2007).
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Appendix A. Involved integrals
The integrals involved in the term IT,r (Eq. (20)) can be com-
puted analytically for the circular boundary L by using the relations
ds(n) = ig(n)dn and dn ¼ ðgðnÞÞ2dn and the following integrals:Z
L
ðgðnÞÞ1mK0ðbqÞdn ¼ 2piRKmðbrÞImðbRÞ rR
 m
ðgðzÞÞm
Z
L
ðgðnÞÞ1mK2ðbqÞ n z
n z dn
¼ 2piRKmþ2ðbrÞImðbRÞ rR
 mþ2
ðgðzÞÞmþ2
Z
L
ðgðnÞÞmqK1ðbqÞdk1ðn; zÞ
¼ 2piRKmðbrÞ½Imþ1ðbRÞ þ Im1ðbRÞ rR
 m
ðgðzÞÞm
Z
L
ðgðnÞÞmqK1ðbqÞ dn
n z ¼ 2piRKmþ2ðbrÞImþ1ðbRÞ
r
R
 mþ2
ðgðzÞÞmþ2
Z
L
ðgðnÞÞ2mqK3ðbqÞ n zðn zÞ2
dn
¼ 2piRKmþ2ðbrÞIm1ðbRÞ rR
 mþ2
ðgðzÞÞmþ2
Z
L
ðgðnÞÞ1m n z
q2ðn zÞdn ¼
2piðmþ 1ÞR1ðgðzÞÞmþ2; mP 0
0; m < 0
(
Z
L
ðgðnÞÞ2m n z
q2ðn zÞ2
dn ¼ piðmþ 1ÞmR
2ðgðzÞÞmþ2; mP 1
0; m < 1
(
where q = jn  zj; i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
; m is an integer number; the direction of
travel along the boundary L is clockwise; and Im and Km are the
modiﬁed Bessel functions of the ﬁrst and second kinds (Abramowitz
and Stegun, 1972).
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